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Abstract—High-voltage direct current (HVDC) systems are
increasingly incorporated into today’s AC power grids, ne-
cessitating optimal power flow (OPF) tools for the analysis,
planning, and operation of such hybrid systems. To this end, we
introduce hynet, a Python-based open-source OPF framework
for hybrid AC/DC grids with point-to-point and radial multi-
terminal HVDC systems. hynet’s design promotes ease of use and
extensibility, which is supported by the particular mathematical
model and software design presented in this paper. The system
model features a unified representation of AC and DC subgrids
as well as a concise and flexible converter model, which enable
the compact description of a hybrid AC/DC power system and
its OPF problem. To support convex relaxation based OPF
solution techniques, a state space relaxation is introduced to
obtain a unified OPF formulation that is analogous to the OPF
of AC power systems. This enables the direct generalization of
relaxation-related results for AC grids to hybrid AC/DC grids,
which is shown for the semidefinite and second-order cone
relaxation as well as associated results on exactness and loca-
tional marginal prices. Finally, hynet’s object-oriented software
design is discussed, which provides extensibility via inheritance
and standard design patterns, and its robust and competitive
performance is illustrated with case studies.
Index Terms—Power system modeling, hybrid power systems,
HVDC transmission, power system simulation, optimal power
flow, power system economics, optimization, convex relaxation.
I. INTRODUCTION
TO counteract the climate change, many countries considera decarbonization of the energy sector, especially via a
transition of electricity generation based on fossil fuels toward
renewable energy sources (RES) [1], [2]. This transition intro-
duces an increasingly distributed and fluctuating energy pro-
duction, which generally necessitates additional transmission
capacity as well as stronger interconnections of regional and
national grids to balance and smooth the variability of RES-
based generation [2], [3]. In this regard, high-voltage direct
current (HVDC) systems are considered as a key technology
due to their advantages in long-distance, underground, and
submarine transmission as well as their ability to connect
asynchronous grids and, in case of voltage source converter
(VSC) HVDC systems, to provide flexible power flow control
and reactive power compensation [2], [3]. Already today, a
large number of point-to-point HVDC (P2P-HVDC) systems
and several multi-terminal HVDC (MT-HVDC) systems are
installed and many are planned [2], [4]. With the above
developments, this trend is destined to continue, leading to
large-scale hybrid AC/DC power systems.
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Due to the importance of the optimal power flow (OPF) in
operational and grid expansion planning as well as techno-
economic studies, these structural changes necessitate an OPF
framework for large-scale hybrid AC/DC power systems. OPF
denotes the optimization problem of identifying the cost-
optimal allocation of generation resources and the correspond-
ing system state to serve a given load, while satisfying all
boundary conditions of the grid. It involves a large number of
optimization variables, system constraints, and, to accurately
capture the physics, the power flow equations based on Kirch-
hoff’s laws, which render the problem inherently nonconvex
and challenging to solve. As the OPF problem specification
and solution is rather involved, a software framework for this
task is desired. Furthermore, for transparency, reproducibility,
and flexible adoption in research, it should be available as
open-source software. Several open-source software packages
for OPF computation have already been published, including
the established toolboxes MATPOWER [5], [6] (and its Python-
port PYPOWER [7]) and PSAT [8], [9] as well as the recently
released PowerModels [10], [11] and pandapower [12], [13].
While PSAT is targeted at small to medium-sized systems,
MATPOWER, PowerModels, and pandapower also support
large-scale systems, but they are limited to a simple model of
P2P-HVDC systems and do not support MT-HVDC systems.
On the contrary, the open-source software MATACDC [14]
features an elaborate model for hybrid AC/DC grids, but it is
limited to (sequential) power flow computations.
In the literature, several OPF formulations for hybrid
AC/DC grids with MT-HVDC systems were proposed,
e.g. [15]–[20], which extend the standard AC model with DC
buses, DC lines and cables, and VSCs. While the modeling of
DC grids, where DC lines and cables are considered via their
equivalent series resistance, resembles that of AC grids and is
rather straightforward, the modeling of VSCs is more intricate.
Elaborate models for VSC stations comprise a transformer,
filter, phase reactor, and converter. While the former three
can be considered via equivalent pi-models, the converter is
modeled as a lossy transfer of active power between the AC
and DC side of the converter with the provision of reactive
power on the AC side, cf. [18], [21], [22]. Many recent works
model the converter losses as a quadratic function of the
converter current [15]–[17], [20], [21], [23] which traces back
to the analysis in [24], with the most advanced formulation
in [18] using an individual parameterization for the rectifier
and inverter mode. In terms of operating limits, the most
elaborate characterizations include a converter current limit as
well as constraints that restrict the provision of reactive power
based on the coupling of the AC- and DC-side voltage, cf. [17],
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[18], [21]. As a consequence of the significant increase in
model complexity compared to AC systems, the mathematical
formulation and parameterization of the OPF problem for
hybrid AC/DC power systems is intricate and extensive.
The OPF problem, even for AC-only grids, is notoriously
hard to solve and a recent technique to improve the computa-
tional tractability of its globally optimal solution is convex re-
laxation. Instead of the traditional approach of simplifying the
system model, e.g., to the widely used “DC power flow” [25],
convex relaxation simplifies the structure of the feasible set. In
the context of (optimal) power flow, the first second-order cone
and semidefinite relaxation is attributed to Jabr [26] and Bai
et al. [27], respectively, and was followed by a vast number of
works, see e.g. [28]–[33] and the references therein. However,
besides the huge body of literature on convex relaxation for
AC grids, only some works consider hybrid AC/DC grids with
P2P- [34], [35] and MT-HVDC systems [19], [20], [36], [37].
A. Contributions
To support the study of hybrid AC/DC power systems, we
developed hynet [38], an open-source OPF framework for
hybrid AC/DC grids with P2P- and radial MT-HVDC systems.
In its design, we emphasized ease of use and extensibility
to facilitate its effortless adoption in research and education.
To this end, we developed a solid and rigorous yet compact
and easily parameterizable system model as well as a spe-
cialized OPF formulation that simplifies the study of convex
relaxations. This mathematical foundation was embedded in
a clearly structured object-oriented software design to create
hynet, which was written in the popular high-level open-source
programming language Python [39] that is freely available for
all major platforms. While the documentation of the software
framework is provided on the hynet project website [38], this
paper focuses on hynet’s mathematical foundation as well as
its relation to the software and comprises the following main
contributions:
• System model for hybrid AC/DC power systems: By
introducing a new network topology model as well as a
set of definitions, we generalize the electrical model for
AC grids in [34] and [35] to AC and DC subgrids and
develop a unified AC/DC subgrid model. This is comple-
mented by a new converter model that balances modeling
depth and complexity to offer adequate accuracy based
on a concise and flexible parameterization. Jointly, they
enable a compact description of hybrid AC/DC systems.
The presented rigorous model formulation does not only
provide a solid mathematical foundation for hynet, but it
also includes a manifold of data consistency and validity
criteria that support the software’s robustness.
• Unified OPF formulation and convex relaxation: Based
on this system model, we discuss an OPF formulation
that supports cost minimization, loss minimization, and a
combination of both. The unified model for AC and DC
subgrids enables a compact formulation in which the hy-
brid nature is only explicit in the grid’s state, i.e., voltage
phasors for AC and voltage magnitudes for DC subgrids.
To simplify the further study of the OPF problem, we
introduce a state space relaxation that relaxes the state of
DC subgrids to voltage phasors and prove its exactness,
i.e., that the optimal DC voltage magnitudes can always
be recovered. Therewith, a unified OPF formulation is
obtained that, in contrast to other unified formulations
like [20], [23] which explicitly retain real-valued state
variables in the DC systems (cf. [20, Sec. II-A1] and [23,
Eq. (4)]), additionally unifies the state representation.
It thus establishes a complete analogy of AC and DC
subgrids in the primal and Lagrangian dual domain that
enables the direct generalization of results on AC grids
to DC grids. This is illustrated for the semidefinite and
second-order cone relaxation as well as associated results
on exactness and locational marginal prices, which can
be generalized directly without explicitly considering the
hybrid nature of the grid.
• Software design and validation: To arrive at a software
framework that is easy to use, comprehend, and adapt,
we developed a simple yet extensible object-oriented soft-
ware design for hynet, whose fundamental elements are
presented here. The simplicity arises from a systematic
partitioning of the data flow into object relations, while
extensibility is provided via inheritance and standard de-
sign patterns. Complementary, we introduced a specially
designed relational database schema alongside hynet to
offer an adequate data format for hybrid AC/DC power
systems for use in research and education. It is based
on the established structured query language (SQL) and
enables the platform-independent storage of infrastructure
and scenario data. Further, we illustrate the application of
hynet in several case studies to validate its functionality
and showcase its robust and competitive performance.
After the submission of this manuscript, another open-source
OPF software for hybrid AC/DC grids was independently
proposed in [40]. It focuses on a comprehensive formulation
that also supports meshed MT-HVDC systems. In contrast, this
work presents a flexible, concise, and unified formulation that
promotes ease of use and establishes a beneficial platform for
extensions and further mathematical studies.
B. Outline
In the following, Section II and III present the system model
for hybrid AC/DC power systems. Section IV discusses the
OPF formulation and the state space relaxation. Section V
continues with the convex relaxation of the unified OPF
problem and discusses the necessitated bus voltage recovery
as well as locational marginal prices and exactness of the
relaxation. Section VI highlights hynet’s software design,
which is followed by the software validation and case studies
in Section VII. Finally, Section VIII concludes the paper.
C. Notation
The set of natural numbers is denoted by N, the set of
integers by Z, the set of real numbers by R, the set of
nonnegative real numbers by R+, the set of positive real
numbers by R++, the set of complex numbers by C, and the
set of Hermitian matrices in CN×N by SN . The imaginary unit
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Fig. 1. Electrical models: (a) Model for bus n ∈ V [34] with an injection port (circles) and a branch port (triangles). (b) Model for branch k ∈ E [34],
which connects the branch port of source bus ˆ(k) to the branch port of destination bus ˇ(k). (c) Model for converter l ∈ C, which connects the injection
port of source bus γˆ(l) to the injection port of destination bus γˇ(l).
is denoted by i =
√−1. For x ∈ C, its real part is Re(x), its
imaginary part is Im(x), its absolute value is |x|, the principal
value of its argument is arg(x) ∈ (−pi, pi], and its complex
conjugate is x∗. For a matrix A, its transpose is AT, its
conjugate (Hermitian) transpose is AH, its trace is tr(A), its
rank is rank(A), its Frobenius norm is ‖A‖F, and its element
in row i and column j is [A]i,j . For two matrices A,B ∈ SN ,
A  B denotes that A−B is positive semidefinite. For real-
valued vectors, inequalities are component-wise. The vector
en denotes the nth standard basis vector of appropriate di-
mension. For a countable set C, its cardinality is |C|. For a set
N ⊂ N and vectors or matrices xn ∈ S, with n ∈ N , xN
denotes the |N |-tuple xN = (xn)n∈N and SN the |N |-fold
Cartesian product SN =
∏
n∈N S.
II. SYSTEM MODEL
This section presents a system model for hybrid AC/DC
grids with P2P- and MT-HVDC systems, which consists of a
description of its network topology and an electrical model.
In the following, AC lines, cables, transformers, and phase
shifters are referred to as AC branches, DC lines and cables
as DC branches, inverters, rectifiers, VSCs, and back-to-
back converters as converters, and points of interconnection,
generation injection, and load connection are called buses.
A. Network Topology
The network topology of the hybrid AC/DC power system,
which consists of the interconnection of an arbitrary number
of AC and DC subgrids via converters, is described by the
directed multigraph G = {V, E , C, ˆ, ˇ, γˆ, γˇ}, where
1) V = {1, . . . , |V|} is the set of buses,
2) E = {1, . . . , |E|} is the set of branches,
3) C = {1, . . . , |C|} is the set of converters,
4) ˆ : E → V maps a branch to its source bus,
5) ˇ : E → V maps a branch to its destination bus,
6) γˆ : C → V maps a converter to its source bus, and
7) γˇ : C → V maps a converter to its destination bus.
The directionality of branches and converters is not related to
the direction of power flow and can be chosen arbitrarily. The
buses V are partitioned into a set V˜ of AC buses and a set V¯
of DC buses, i.e.,
V = V˜ ∪ V¯ and V˜ ∩ V¯ = ∅ . (1)
AC and DC buses must not be connected by a branch, i.e., the
branches E are partitioned into AC and DC branches,
E = E˜ ∪ E¯ and E˜ ∩ E¯ = ∅ . (2)
Accordingly, the set E˜ of AC branches and the set E¯ of DC
branches is given by
E˜ = {k ∈ E : ˆ(k), ˇ(k) ∈ V˜} (3a)
E¯ = {k ∈ E : ˆ(k), ˇ(k) ∈ V¯} . (3b)
Note that the terminal buses of converters are not restricted,
i.e., the model supports AC/DC and DC/AC as well as AC
and DC back-to-back converters. To support the mathematical
exposition later on, some terms and expressions are defined.
Definition 1: Consider the directed subgraph G′ = {V, E ,
ˆ, ˇ} with all buses and branches. A connected component [41]
in the underlying [41] undirected graph of G′ is called subgrid.
A subgrid comprising buses in V˜ is called AC subgrid. A
subgrid comprising buses in V¯ is called DC subgrid.
Definition 2: The set BˆE(n) ⊆ E and BˇE(n) ⊆ E of
branches outgoing and incoming at bus n ∈ V , respectively, is
BˆE(n) = {k ∈ E : ˆ(k) = n} (4a)
BˇE(n) = {k ∈ E : ˇ(k) = n} . (4b)
Definition 3: The set BˆC(n) ⊆ C and BˇC(n) ⊆ C of con-
verters outgoing and incoming at bus n ∈ V , respectively, is
BˆC(n) = {l ∈ C : γˆ(l) = n} (5a)
BˇC(n) = {l ∈ C : γˇ(l) = n} . (5b)
Finally, a generally valid property of the network topology is
established, which is utilized later on.
Definition 4 (Self-Loop Free Network Graph): The multi-
graph G does not comprise any self-loops, i.e.,
@ k ∈ E : ˆ(k) = ˇ(k) and @ l ∈ C : γˆ(l) = γˇ(l) . (6)
B. Electrical Model
The electrical model for branches and buses is adopted
from [34] and extended with DC subgrids as well as a novel
converter model. The characterization of generation and load is
adopted from [35] and generalized to the concept of injectors.
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1) Branch Model: Branches are represented via the com-
mon branch model in Fig. 1b. For branch k ∈ E , it comprises
two shunt admittances yˆk, yˇk ∈ C, a series admittance y¯k ∈ C,
and two complex voltage ratios ρˆk, ρˇk ∈ C\{0}. In the latter,
|ρˆk| and |ρˇk| is the tap ratio and arg(ρˆk) and arg(ρˇk) the
phase shift of the respective transformer, while
ρk = ρˆ
∗
kρˇk (7)
denotes the total voltage ratio. Let the bus voltage vector v,
source current vector iˆ , and destination current vector iˇ be
v = [V1, . . . , V|V|]T ∈ C|V| (8)
iˆ = [ Iˆ1, . . . , Iˆ|E| ]T ∈ C|E| (9)
iˇ = [ Iˇ1, . . . , Iˇ|E| ]T ∈ C|E| . (10)
They are related by Kirchhoff’s and Ohm’s law, which renders
iˆ = Yˆ v and iˇ = Yˇ v (11)
where Yˆ , Yˇ ∈ C|E|×|V| are given in [34, Eq. (6) and (7)]. In
the following, bus voltages are used as state variables. While
AC subgrids exhibit complex-valued effective (rms) voltage
phasors, DC subgrids exhibit real-valued voltages. This is
considered by restricting v to U , where
U = {v ∈ C|V| : Vn ∈ R+, n ∈ V¯} . (12)
Furthermore, DC lines and cables are modeled via their series
resistance, which is captured as follows.
Definition 5: DC branches equal a series conductance, i.e.,
∀k ∈ E¯ : ρˆk = ρˇk = 1, yˆk = yˇk = 0, Im(y¯k) = 0 . (13)
Finally, a generally valid physical property of DC branches is
observed, which is utilized later on.
Definition 6 (Lossy DC Branches): The series conductance
of all DC branches is positive, i.e., Re(y¯k) > 0, ∀k ∈ E¯ .
2) Bus Model: Buses are modeled as depicted in Fig. 1a.
For bus n ∈ V , it comprises a shunt admittance y˜n ∈ C,
connections to the outgoing branches k ∈ BˆE(n) as well as to
the incoming branches k ∈ BˇE(n), and an injection port. Let
the injection current vector i be
i = [I1, . . . , I|V|]T ∈ C|V| . (14)
It is related to v by Kirchhoff’s and Ohm’s law, i.e.,
i = Y v (15)
where the bus admittance matrix Y ∈ C|V|×|V| is given
in [34, Eq. (10)]. Finally, note that the shunt y˜n usually models
reactive power compensation and is irrelevant in DC subgrids.
Definition 7: DC buses exhibit a zero shunt admittance, i.e.,
y˜n = 0, ∀n ∈ V¯ .
3) Converter Model: Converters are modeled as illustrated
in Fig. 1c. Complementary, the transformer, filter, and phase
reactor of a VSC station can be modeled using two AC
branches that connect the converter via a filter bus to the
point of common coupling, see also [18], [22]. For converter
l ∈ C, the model considers the source and destination apparent
power flow Sˆl, Sˇl ∈ C, respectively, where active power is
converted with a forward and backward conversion loss factor
Fˆl
qˆl = − Im(Sˆl)
Re(Sˆl)
(a)
Sj
Qinj
P inj
(b)
Fig. 2. Qualitative example of the P/Q-capability (dashed) of (a) a typical
voltage source converter [42, Sec. 2.1], [22, Sec. 2.7.1], which includes
voltage and current related limits, and (b) a typical generator [43, Ch. 5.4],
which includes physical limits as well as a power factor and minimum output
limit (dotted). The inner polyhedral approximations (solid), which illustrate
an exemplary parameterization of the 8 half-spaces supported in hynet, restrict
the permitted set points to a safe operating area.
ηˆl, ηˇl ∈ [0, 1), respectively, while reactive power may be
provided, i.e.,
Sˆl = pˆl − (1− ηˇl)pˇl − i qˆl (16a)
Sˇl = pˇl − (1− ηˆl)pˆl − i qˇl . (16b)
Therein, pˆl ∈ R+ and pˇl ∈ R+ is the nonnegative active power
flow from bus γˆ(l) to γˇ(l) and vice versa, respectively, while
qˆl, qˇl ∈ C is the reactive power support and ηˆl, ηˇl enable a
mode-dependent loss parameterization. The P/Q-capability of
the converter at the source and destination bus is approximated
by the compact polyhedral set Fˆl and Fˇl, respectively, cf.
Fig. 2a. In this model, this is captured by
fl = [pˆl, pˇl, qˆl, qˇl]
T ∈ Fl ⊂ R2+ × R2 (17)
where the compact polyhedral set Fl is a reformulation of Fˆl
and Fˇl in terms of the converter state vector fl using (16).
For a concise notation, the state vectors of all converters are
stacked, i.e.,
f = [fT1 , . . . ,f
T
|C|]
T ∈ F =
∏
l∈C
Fl (18)
where the polyhedral set F is expressed as
F = {f ∈ R4|C| : Hf ≤ h} . (19)
In the latter, H ∈ RF×4|C| and h ∈ RF capture the F ∈ N
inequality constraints that describe the capability regions of
all converters. Finally, the absence of reactive power on the
DC-side of a converter is established.
Definition 8: The DC-side of all converters exclusively
injects active power, i.e.,
∀l ∈
⋃
n∈V¯
BˆC(n) : Fl ⊂ R2+ × {0} × R (20a)
∀l ∈
⋃
n∈V¯
BˇC(n) : Fl ⊂ R2+ × R× {0} . (20b)
The presented converter model is linear in the converter
state vector, rendering it easily tractable. This is attained by
excluding the nonlinear mode complementarity constraint
pˆlpˇl = 0 (21)
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which can cause a nonnegative and bounded loss error
ϑl = ηˆl
(
pˆl − [Re(Sˆl)]+
)
+ ηˇl
(
pˇl − [Re(Sˇl)]+
)
(22)
in converter l ∈ C, where [x]+ = max(x, 0). In general, OPF
problems do not incentivize an increase of load and, as the
loss error (load increase) is minimal (zero) at mode comple-
mentarity, this relaxation typically remains without impact.
In the software framework, the loss error is monitored and,
if it exceeds a certain tolerance, the converter mode is fixed
according to the net active power flow to ensure a zero loss er-
ror and the computation is reissued. Static (no-load) converter
losses are modeled explicitly for ease of use, while w.l.o.g.
the mathematical model considers them as fixed loads. The
P/Q-capabilities Fˆl and Fˇl are specified by an intersection of
up to 8 half-spaces, offering adequate accuracy at a moderate
number of constraints and parametrization complexity.
4) Generators, Prosumers, and Loads: For a compact no-
tation, it is observed that, in the context of optimal power
flow, power producers, prosumers (and flexible distribution
systems), as well as flexible and fixed loads are conceptually
equivalent. They comprise a certain set of valid operating
points in the P/Q-plane and quantify their preferences via a
real-valued function over the P/Q-plane. This is utilized for
an abstraction of these entities to injectors. An injector can
inject a certain amount of (positive or negative) active and
reactive power, which is associated with a certain cost. The
set of injectors is denoted by I = {1, . . . , |I|}. Injector j ∈ I
injects the active power P inj and the reactive power Q
in
j , which
are collected in the injection vector sj = [P inj , Q
in
j ]
T ∈ R2.
Its valid operating points are specified by the capability region
Sj ⊂ R2, which is a nonempty, compact, and convex set.
The convex cost function Cj : Sj → R specifies the cost
associated with an operating point. The injector’s terminal bus
is specified by nˆ : I → V , i.e., injector j ∈ I is connected to
the injection port of bus nˆ(j). Conversely, the injectors at a
bus are identified as follows.
Definition 9: The set BˆI(n) ⊆ I of injectors connected to
bus n ∈ V is
BˆI(n) = {j ∈ I : nˆ(j) = n} . (23)
Moreover, the nature of DC subgrids is respected.
Definition 10: Injectors connected to DC buses exclusively
inject active power, i.e., Sj ⊂ R× {0}, ∀j ∈
⋃
n∈V¯ BˆI(n).
For example, for a generator, Sj is a convex approximation
of its P/Q-capability, while Cj reflects the generation cost. For
a fixed load, Sj is singleton and Cj maps to a constant value.
For a flexible load, Sj characterizes the implementable load
shift, while Cj reflects the cost for load dispatching.
In the software framework, fixed loads are modeled ex-
plicitly for ease of use. Furthermore, the P/Q-capability Sj
is specified as a polyhedral set defined by the intersection
of up to 8 half-spaces, which can approximate the physical
capabilities and restrict the power factor, cf. Fig. 2b. The cost
function Cj : Sj ⊂ R2 → R is considered linearly separable
in the active and reactive power costs, i.e.,
Cj(s) = C
p
j (e
T
1 s) + C
q
j (e
T
2 s) . (24)
The active and reactive power cost functions Cpj , C
q
j : R→ R
are considered convex and piecewise linear. Hence, they can
approximate any convex function with arbitrary accuracy.
5) Power Balance: The flow conservation arising from
Kirchhoff’s current law balances the nodal injections with the
flow into branches and converters. This is captured by the
power balance equations
vHPnv + p
T
nf = e
T
1
∑
j∈BˆI(n)
sj , ∀n ∈ V (25a)
vHQnv + q
T
nf = e
T
2
∑
j∈BˆI(n)
sj , ∀n ∈ V . (25b)
Therein, the left hand side describes the flow of active and
reactive power into the branches and converters, respectively,
while the right hand side accumulates the nodal active and
reactive power injection. The matrices Pn,Qn ∈ S|V| are
a function of the bus admittance matrix and given in [34,
Eq. (14)]. The vectors pn, qn ∈ R4|C|, which include (16)
and characterize the flow into converters, can be derived as
pn =
∑
l∈BˆC(n)
(e4l−3 − (1− ηˇl)e4l−2)
+
∑
l∈BˇC(n)
(e4l−2 − (1− ηˆl)e4l−3) (26)
qn = −
∑
l∈BˆC(n)
e4l−1 −
∑
l∈BˇC(n)
e4l . (27)
6) Electrical Losses: The total electrical losses amount to
the difference of total active power generation and load, i.e.,
the sum of the right-hand side in (25a) over all n ∈ V or,
equivalently, the respective sum of the left-hand side. With
the latter and vHAv = tr(AvvH), the total electrical losses
can be derived as L(vvH,f), where L : S|V|×R4|C| → R is1
L(V ,f) = tr(LV ) + lTf (28)
with L ∈ S|V| and l ∈ R4|C| given by
L =
1
2
(Y + Y H) and l =
∑
l∈C
[ηˆle4l−3 + ηˇle4l−2] . (29)
III. SYSTEM CONSTRAINTS
In the following, the formulation of physical and stability-
related limits is presented. It is based on [34], where the
common apparent power flow limit (“MVA rating”) is sub-
stituted by its underlying ampacity, voltage drop, and angle
difference constraint (cf. [43, Ch. 6.1.12], [44, Ch. 4.9]) to
improve expressiveness and mathematical structure.
1) Voltage: Due to physical and operational requirements,
the voltage at bus n ∈ V must satisfy |Vn| ∈ [
¯
Vn, V¯n] ⊂ R+,
where V¯n >
¯
Vn > 0. With Mn = eneTn ∈ S|V|, this reads
¯
V 2n ≤ vHMnv ≤ V¯ 2n , ∀n ∈ V . (30)
1The motivation for defining L in terms of the outer product of the bus
voltage vector will become evident in Section V.
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2) Ampacity: The thermal flow limit on branch k ∈ E can
be expressed as |Iˆk| ≤ ¯ˆIk and |Iˇk| ≤ ¯ˇIk, where ¯ˆIk, ¯ˇIk ∈ R++.
In quadratic form, this renders
vHIˆkv ≤ ¯ˆI2k , vHIˇkv ≤ ¯ˇI2k , ∀k ∈ E (31)
where Iˆk, Iˇk ∈ S|V| are given in [34, Eq. (18)].
3) Voltage Drop: The stability-related limit on the voltage
drop νk ∈ R along AC branch k ∈ E˜ , i.e.,
νk = |Vˇ(k)|/|Vˆ(k)| − 1 (32)
is νk ∈ [
¯
νk, ν¯k] ⊂ [−1,∞), with
¯
νk < ν¯k. This is captured by
vH
¯
Mkv ≤ 0 , vHM¯kv ≤ 0 , ∀k ∈ E˜ (33)
in which
¯
Mk,M¯k ∈ S|V| are given in [34, Eq. (24) and (25)].
4) Angle Difference: The stability-related limit on the volt-
age angle difference δk ∈ R along AC branch k ∈ E˜ , i.e.,
δk = arg(V
∗
ˆ(k)Vˇ(k)) (34)
reads δk ∈ [
¯
δk, δ¯k] ⊂ (−pi/2, pi/2), with
¯
δk < δ¯k. Note that
Re(V ∗ˆ(k)Vˇ(k)) ≥ 0 (35)
tan(
¯
δk) ≤ Im(V ∗ˆ(k)Vˇ(k)) / Re(V ∗ˆ(k)Vˇ(k)) ≤ tan(δ¯k) (36)
is an equivalent formulation of this constraint that can be put as
vHAkv ≤ 0 , vH
¯
Akv ≤ 0 , vHA¯kv ≤ 0 , ∀k ∈ E˜ (37)
where
Ak = −Mˆk − MˆHk (38)
with Mˆk = eˆ(k)eTˇ(k) ∈ R|V|×|V| and ¯Ak, A¯k ∈ S
|V| as given
in [34, Eq. (30) and (31)].
IV. OPTIMAL POWER FLOW
The OPF problem identifies the optimal utilization of the
grid infrastructure and generation resources to satisfy the
load, where optimality is typically considered with respect to
minimum injection costs or minimum electrical losses. With
the system model and system constraints above, the OPF
problem can be cast as the following optimization problem.
minimize
sj∈Sj ,v∈U
f∈F
∑
j∈I
Cj(sj) + τL(vv
H,f) (39a)
subject to (25), (30), (31), (33), (37) . (39b)
The objective consists of the injection costs and a penalty
term comprising the electrical losses weighted by an (artificial)
loss price τ ≥ 0, which enables injection cost minimization,
electrical loss minimization, and a combination of both. The
penalty term offers a convenient parameterization, while the
same objective can also be expressed with cost functions only.
Proposition 1: Consider the OPF problem (39). Including a
loss penalty with τ > 0 is equivalent to increasing the marginal
cost of active power by τ for all injectors j ∈ I.
Proof: Considering Section II-B6, it follows that∑
j∈I
Cj(sj) + τL(vv
H,f) =
∑
j∈I
Cj(sj) + τ
∑
n∈V
eT1
∑
j∈BˆI(n)
sj
=
∑
j∈I
[
Cj(sj) + τe
T
1 sj
]
.
In (39), it can be observed that the objective and constraints
consider AC and DC subgrids in a unified manner, while their
bus voltages are treated differently by restricting v to U . With
respect to the Lagrangian dual domain and convex relaxations,
this restriction complicates further mathematical studies. To
avoid these issues, it is observed that all currently installed and
almost all planned HVDC systems are P2P-HVDC or radial
MT-HVDC systems [4]. This observation is formalized by the
following definition and, in the next section, it is utilized to
unify the representation of AC and DC voltages.
Definition 11 (Radial DC Subgrids): The underlying undi-
rected graph of the directed subgraph G¯ = {V¯, E¯ , ˆ, ˇ} is
acyclic [41], i.e., its connected components are trees [41].
A. State Space Relaxation
To eliminate the restriction of v to U and, therewith, unify
the representation of AC and DC voltages in the OPF problem,
let (35) also be imposed on DC subgrids, i.e.,
vHAkv ≤ 0 , ∀k ∈ E¯ (40)
with Ak ∈ S|V| in (38). Jointly, Def. 11 and the complemen-
tary constraints in (40) enable the following result.
Theorem 1: Consider any f ∈ F and sj ∈ Sj , for j ∈ I.
Let v ∈ C|V| satisfy the constraints in (39b) and (40) for the
given f and sI . Then, the bus voltage vector
¯
v ∈ U given by
[
¯
v]n =
{
[v]n if n ∈ V˜
|[v]n| if n ∈ V¯
(41)
satisfies (39b) and (40) for the given f and sI with equivalent
constraint function values and L(
¯
v
¯
vH,f) = L(vvH,f).
Proof: See Appendix A.
Considering that U ⊂ C|V|, Theorem 1 enables an exact
state space relaxation of the OPF problem (39) to v ∈ C|V| un-
der Def. 11 and the complementary constraints (40). Thus, for
radial DC subgrids the representation of AC and DC voltages
can be unified, where the corresponding OPF formulation reads
p? = minimize
sj∈Sj ,v∈C|V|
f∈F
∑
j∈I
Cj(sj) + τL(vv
H,f) (42a)
subject to (25), (30), (31), (33), (37), (40) . (42b)
B. Unified Optimal Power Flow Formulation
Concluding, for a concise statement of the unified OPF
formulation the constraints in (42b) and the restriction of f to
F are expressed as (vvH,f , sI) ∈ X , where
X =
{
(V ,f , sI) ∈ S|V| × R4|C| × R2I : (43a)
tr(PnV ) + p
T
nf = e
T
1
∑
j∈BˆI(n)
sj , ∀n ∈ V (43b)
tr(QnV ) + q
T
nf = e
T
2
∑
j∈BˆI(n)
sj , ∀n ∈ V (43c)
tr(CmV ) + c
T
mf ≤ bm , ∀m ∈M
}
. (43d)
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Therein, (43d) captures (19), (30), (31), (33), (37), and (40),
where Cm, cm, and bm, m ∈ M = {1, . . . , |M|}, re-
produce the |M| = F + 2|V|+ 3|E|+ 4|E˜ | inequality con-
straints. With the polyhedral set X in (43), hynet’s unified
OPF formulation is given by
p? = minimize
sj∈Sj ,v∈C|V|
f∈R4|C|
∑
j∈I
Cj(sj) + τL(vv
H,f) (44a)
subject to (vvH,f , sI) ∈ X . (44b)
In the software framework, the injector cost functions are
included in epigraph form [45] to obtain an explicit formula-
tion as a quadratically-constrained quadratic problem.
V. CONVEX RELAXATION
In the following, the semidefinite and second-order cone
relaxation of the OPF problem is illustrated. By virtue of the
unified OPF formulation, they can be applied without explicitly
considering the hybrid nature of the grid, enabling a particu-
larly simple and concise derivation and result. Subsequently,
the necessitated bus voltage recovery is discussed and some
aspects related to locational marginal prices and exactness of
the relaxations are highlighted.
A. Semidefinite Relaxation
By definition, the objective in (44) and Sj are convex, while
X is a polyhedral set and, thus, also convex. Consequently, the
nonconvexity of (44) arises from the quadratic dependence
on the bus voltage vector v. The outer product vvH may be
expressed equivalently by a Hermitian matrix V ∈ S|V|, which
is positive semidefinite (psd) and of rank 1. As the set of psd
matrices is a convex cone, the nonconvexity is then lumped to
the rank constraint. In semidefinite relaxation (SDR), the rank
constraint is omitted to obtain a convex optimization problem,
i.e., the SDR of the OPF problem (44) reads
pˆ? = minimize
sj∈Sj ,V ∈S|V|
f∈R4|C|
∑
j∈I
Cj(sj) + τL(V ,f) (45a)
subject to (V ,f , sI) ∈ X (45b)
V  0 . (45c)
Therewith, the OPF problem gains access to the powerful
theory of convex analysis as well as solution algorithms with
polynomial-time convergence to a globally optimal solution.
The SDR provides a solution to (44) if the optimizer V ?
obtained from (45) has rank 1, in which case the relaxation is
called exact.
An issue of SDR is the quadratic increase in dimension-
ality by |V|2 − 2|V| (real-valued) variables, which impedes
computational tractability for large-scale grids. Fortunately, the
matrices Pn, Qn, and Cm in (43) and L in (29) are sparse and
may only exhibit a nonzero element in row i and column j if
(i, j) ∈ J , where
J = {(i, j) ∈ V × V : i, j ∈ {ˆ(k), ˇ(k)}, k ∈ E} , (46)
see [34, Appendix B]. This sparsity can be utilized to ef-
fectively solve (45) also for large-scale systems, e.g., via a
chordal conversion [46], see also [47]–[50].
B. Second-Order Cone Relaxation
To mitigate the dimensionality uplift of SDR and improve
computational efficiency, an additional second-order cone re-
laxation (SOCR) may be applied, see e.g. [28], [29], [35] and
the references therein. In the SOCR, the psd constraint (45c)
is relaxed to psd constraints on 2×2 principal submatrices
and, as a consequence, only those elements of V that are
involved in (43) and the objective function need to be retained.
Correspondingly, the SOCR of (45) can be stated as
p˜? = minimize
sj∈Sj ,V ∈S˜|V|
f∈R4|C|
∑
j∈I
Cj(sj) + τL(V ,f) (47a)
subject to (V ,f , sI) ∈ X (47b)
STk V Sk  0, k ∈ E (47c)
in which Sk = [eˆ(k), eˇ(k)] ∈ R|V|×2 and S˜|V| is the set of
Hermitian partial matrices on the graph G′ = {V, E , ˆ, ˇ}, i.e.,
S˜|V| = {P(V ) : V ∈ S|V|} ⊆ S|V| (48)
with the projection P onto the sparsity pattern given by
P(V ) =
∑
(i,j)∈J
[V ]i,jeie
T
j . (49)
In the SOCR, (47c) can be implemented as second-order cone
constraints, cf. e.g. [51]. By virtue of the partial matrix, (47)
introduces only 2|E| − |V| additional (real-valued) variables
compared to (44). The SOCR is exact if the optimizer V ?
obtained from (47) permits a rank-1 completion.
C. Bus Voltage Recovery
Considering the potential inexactness of a relaxation and the
finite precision of solvers, the bus voltages vˆ? associated with
an optimizer V ? of the SDR or SOCR must be recovered via
a rank-1 approximation of V ? on its sparsity pattern.2 The
software framework supports the integration and utilization
of different approximation methods. At this point, it includes
the method in [52, Sec. III-B-3], which is a computationally
efficient graph traversal based approximation, and an approx-
imation in the least-squares sense, i.e.,
vˆ? = arg min
v∈C|V|
‖P(vvH − V ?)‖2F . (50)
The (nonconvex) problem (50) is solved with a Wirtinger
calculus based gradient descent method [53] and Armijo’s
rule for step size control [54, Sec. 8.3] using an initial point
obtained with the method in [52, Sec. III-B-3].
For a solution (V ?,f?, s?I) of the SDR or SOCR with the
corresponding rank-1 approximation vˆ?, the software reports
the reconstruction error
κˆ(V ?) = ‖P(vˆ?(vˆ?)H − V ?)‖2F / |J | (51)
2Due to voltage-decoupled subgrids, an optimizer V ? of the SDR (45)
still allows exact recovery if it permits a decomposition V ? =
∑N
i=1 viv
H
i ,
where N is the number of subgrids and vi comprises only nonzero elements
for bus voltages of subgrid i.
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Fig. 3. Illustration of hynet’s fundamental design and data flow.
as a measure for the (numerical or inherent) inexactness of the
relaxation. Further, the induced nodal power balance error
n = (vˆ
?)H(Pn + iQn)vˆ? + (pn + iqn)Tf? −
∑
j∈BˆI(n)
wTs?j
(52)
where w = [ 1, i ]T ∈ C2, is provided for all n ∈ V , which
quantifies the impact of the rank-1 approximation on the power
flow accuracy (see also the discussion in [48, Sec. III-C]).
D. Locational Marginal Prices
In electricity markets, nodal pricing can be applied to
account for system constraints and losses and, under perfect
competition (price takers), the optimal nodal prices are the
locational marginal prices (LMPs) [55]. The LMP at a bus
is the cost of serving an increment of load by the cheapest
possible injection [55]. Thus, it quantifies the sensitivity of
the optimal objective value of a cost-minimizing OPF problem
with respect to a perturbation of the nodal power balance [35].
Due to the nonconvexity of the OPF problem, accurate LMPs
are in general hard to obtain [56], [57], but in an exact SDR
and SOCR the LMPs for active and reactive power are given
by the optimal Lagrangian dual variables of the power balance
constraints [35]. By virtue of the unified OPF formulation, the
result in [35] generalizes3 to the SDR in (45) and the SOCR
in (47). In hynet, primal-dual interior-point solvers are applied
to the SDR and SOCR. Thus, in case of exactness, the LMPs
are obtained as a byproduct of the OPF computation.
E. Exactness of the Relaxations
While exactness of a relaxation can be verified a posteriori
via the reconstruction error in (51), a priori information about
the applicability of a relaxation is desired, i.e., on a system’s
tendency toward exactness. In the literature, several results
were presented for AC grids [58]–[63], DC grids [61], [64],
[65], and hybrid AC/DC grids with P2P-HVDC systems [34],
[35]. By virtue of the unified OPF formulation, the result
in [35, Sec. VII] generalizes4 under Def. 12 to the SOCR (47)
and, thus, to the SDR (45).
3The proof follows along the lines of [35, Sec. VI-B], while considering
the change to minimization in the primal domain.
4The proof follows along the lines of [35, Sec. VII], while considering
that the sufficient condition for existence of a psd rank-1 completion in [35,
Eq. (25)] generalizes to voltage-decoupled radial subgrids. The latter is evident
if the rank-1 completion method in [52, Sec. III-B-3] is considered.
Definition 12 (Hybrid Architecture): The underlying undi-
rected graph of the directed subgraph G′ = {V, E , ˆ, ˇ} is
acyclic, i.e., its connected components are trees.
The result states that for the hybrid architecture the SDR
and SOCR may only be inexact if the LMPs form a patholog-
ical price profile, i.e., if they combine to a point in a union of
linear subspaces – a set of measure zero [35, Sec. VII-B]. This
suggests that inexactness is unlikely and, if the SDR or SOCR
in hynet is applied to a system with radial (acyclic) subgrids
like radial distribution grids, exactness may be expected under
normal operating conditions.
VI. SOFTWARE DESIGN
This section briefly describes the fundamental design of
hynet as depicted in Fig. 3 and relates it to the presented
system model and OPF formulations. An OPF study is initiated
by loading a scenario from a grid database into a scenario ob-
ject, where the latter organizes the data using pandas [66] data
frames. After optional adjustments, the scenario is used to cre-
ate an OPF model object, which represents (44) for the given
scenario and whose base class implements the mathematical
model in Section II and III. This object serves as a builder [67]
for the OPF problem, which is represented by an object of
a quadratically-constrained quadratic problem (QCQP). This
QCQP is solved via a solver interface, where the underlying
implementation may solve the nonconvex QCQP (44), its
SDR (45), or its SOCR (47). The solver returns an object
containing the result and solution process information, which
is routed through a factory function [67] of the OPF model
object to obtain an appropriate representation of the result data.
This object-oriented design offers a transparent structure
and data flow, while rendering hynet amenable to extensions.
For example, extensions to additional solvers and other relax-
ations can be implemented via corresponding solver classes.
Furthermore, the problem formulation can be customized by
subclassing the OPF model or its base class and, by overriding
the respective factory function, the result representation can be
adjusted accordingly.5
VII. VALIDATION AND CASE STUDIES
In the following, some OPF studies are presented to show-
case and validate hynet. These studies were conducted with
5For example, since hynet v1.2.0 an extension for the maximum loadabil-
ity problem [68] is provided, which illustrates such a problem customization.
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TABLE I
OPTIMAL POWER FLOW RESULTS FOR THE PGLIB OPF BENCHMARK LIBRARY FOR TYPICAL OPERATING CONDITIONS
Test Case Information Optimal Objective Value ($/h) Total Comp. Time (sec.) Opt. Gap (%) κˆ(V ?)
Name |V| |E| QCQP SDR SOCR QCQP SDR SOCR SDR SOCR SDR SOCR
118 ieee 118 186 1.1536e+5 1.1532e+5 1.1299e+5 0.8 1.0 0.5 0.04 2.05 5.192e−6 2.860e−3
162 ieee dtc 162 284 1.2442e+5 1.2181e+5 1.1611e+5 1.2 4.3 0.7 2.10 6.68 2.023e−5 5.817e−3
200 pserc 200 245 3.6748e+4 3.6748e+4 3.6742e+4 1.4 1.3 0.8 0.00 0.02 5.513e−15 1.220e−4
240 pserc 240 448 3.5208e+6 3.4831e+6 3.4167e+6 2.3 2.0 1.1 1.07 2.96 3.060e−3 6.298e−2
300 ieee 300 411 6.5742e+5 6.5670e+5 6.4468e+5 1.9 2.6 1.3 0.11 1.94 4.693e−6 2.535e−3
1354 pegase 1354 1991 1.3429e+6 1.3278e+6 1.3038e+6 12.2 11.9 8.3 1.13 2.91 2.075e−6 2.849e−3
1888 rte 1888 2531 1.5693e+6 1.5357e+6 1.5347e+6 22.2 21.7 7.8 2.14 2.20 3.625e−5 1.991e−3
1951 rte 1951 2596 2.3749e+6 2.3745e+6 2.3721e+6 24.2 22.8 7.4 0.02 0.12 1.655e−5 1.629e−3
2383wp k 2383 2896 1.8624e+6 1.8131e+6 1.8493e+6 16.5 73.8 12.7 2.64 0.70 1.545e−7 4.062e−3
2736sp k 2736 3269 1.3078e+6 1.3076e+6 1.3039e+6 17.3 80.7 12.5 0.02 0.30 3.936e−12 7.650e−4
2737sop k 2737 3269 7.7762e+5 7.7729e+5 7.7567e+5 17.0 72.5 11.3 0.04 0.25 1.620e−11 3.594e−4
2746wop k 2746 3307 1.2083e+6 1.2079e+6 1.2038e+6 16.9 106.1 11.8 0.03 0.37 2.973e−11 6.651e−4
2746wp k 2746 3279 1.6318e+6 1.6311e+6 1.6262e+6 17.7 81.7 13.0 0.04 0.34 3.072e−11 2.558e−3
2848 rte 2848 3776 1.3865e+6 1.3822e+6 1.3809e+6 35.4 38.5 11.2 0.31 0.40 3.736e−5 4.585e−4
2868 rte 2868 3808 2.2599e+6 2.2594e+6 2.2575e+6 36.7 44.0 11.8 0.03 0.11 1.809e−5 6.526e−4
2869 pegase 2869 4582 2.5903e+6 2.5774e+6 2.5676e+6 26.5 45.0 18.9 0.50 0.88 1.835e−7 2.856e−3
3012wp k 3012 3572 2.5900e+6 2.5602e+6 2.5717e+6 76.3 128.3 16.2 1.15 0.71 7.994e−7 1.270e−3
3120sp k 3120 3693 2.1444e+6 2.1208e+6 2.1308e+6 20.8 162.8 15.6 1.10 0.63 7.891e−7 1.018e−3
3375wp k 3374 4161 7.4223e+6 7.3944e+6 7.3953e+6 36.1 152.7 18.3 0.38 0.36 1.163e−7 1.204e−3
6468 rte 6468 9000 2.2639e+6 2.2517e+6 2.2378e+6 109.9 729.8 31.0 0.54 1.15 6.559e−6 4.087e−3
6470 rte 6470 9005 2.5465e+6 2.5363e+6 2.5054e+6 94.9 612.4 31.6 0.40 1.61 9.270e−6 3.253e−3
6495 rte 6495 9019 3.2721e+6 2.9651e+6 2.8911e+6 100.3 622.9 30.9 9.38 11.64 5.003e−4 5.205e−3
6515 rte 6515 9037 3.1480e+6 2.9869e+6 2.9397e+6 101.0 695.5 32.8 5.12 6.62 2.959e−4 7.535e−3
9241 pegase 9241 16 049 6.7566e+6 6.6411e+6 6.6371e+6 129.0 1566.3 49.9 1.71 1.77 1.985e−6 5.184e−3
13659 pegase 13 659 20 467 1.0774e+7 1.0702e+7 1.0687e+7 263.1 2333.9 73.9 0.67 0.81 6.218e−6 6.304e−3
hynet v1.2.1 in Python 3.7.3 using a standard office note-
book6 and hynet’s solver interfaces for IPOPT [69] (v3.12.12
with MUMPS [70], [71]), MOSEK [72] (v9.0.101), and
CPLEX [73] (v12.9.0) for the QCQP, (chordal) SDR, and
SOCR, respectively. The results also report the optimality gap,
which is defined as 100 ·(1−pSDR|SOCR/pQCQP), where pQCQP,
pSDR, and pSOCR is the optimal objective value of the QCQP,
SDR, and SOCR solution, respectively.
A. IEEE PES Power Grid Lib
The IEEE PES Power Grid Lib (PGLib) OPF v17.08 [74]
is a benchmark for validating AC OPF algorithms and utilized
here to validate hynet. For this study, the PGLib test cases are
imported from the MATPOWER data format into hynet’s grid
database format using the command-line interface of hynet.
During the import, polynomial cost functions are converted
to piecewise linear functions by sampling the polynomial
equidistantly within the generator’s active power limits. This
study utilizes 10 sample points per polynomial cost function.
Table I presents the OPF results for the test cases with
typical operating conditions and at least 100 buses.7 It can
be observed that these results are consistent with those of
6MacBook Pro (2014 series) with an Intel Core i7 CPU and 8 GB RAM.
73375wp k contains an isolated bus, which is removed for this study.
PowerModels and MATPOWER in [10]. The minor deviations
are explained by the conversion of the cost functions as well
as the use of different solvers and thermal flow limits. For
the latter, hynet features the ampacity constraint (31), while
PowerModels and MATPOWER implement an apparent power
flow limit. In contrast to MATPOWER, which fails on several
test cases [10], hynet successfully solves all problem instances.
In terms of performance, hynet compares well to Power-
Models and MATPOWER, considering that the latter’s compu-
tation times in [10] are based on high-performance computing
servers while the results here were computed on a standard
office notebook. Furthermore, the computation times in [10]
focus on the solver runtime only, while the computation times
of hynet in Table I additionally include the data verification,
modeling, and result processing as well as the computation of
a supply-meets-demand (“copper plate” model) based initial
point for QCQPs and a graph traversal based bus voltage
recovery for the SDR and SOCR.
In conclusion, these results validate hynet’s functionality
and illustrate its robust and competitive performance.
B. Large-Scale Hybrid AC/DC Power System
To showcase hynet for a large-scale hybrid AC/DC power
system, the model case2383wp ha.db of [75] is considered,
which is a MT-HVDC variant of the hybrid system in [35] and
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exhibits the hybrid architecture, cf. Section V-E. It consists
of an AC system with 2383 buses and 2392 branches, 16
back-to-back converters, and a multitude of P2P- and MT-
HVDC systems that comprise a total of 786 buses and AC/DC
converters as well as 488 branches. Its QCQP, SDR, and SOCR
OPF is solved by hynet in 28.0 sec., 19.2 sec., and 12.1 sec.
to an optimal objective value of 1867.1 k$/h, 1867.1 k$/h,
and 1866.9 k$/h, respectively. For the SDR and SOCR, the
optimality gap is 0.00% and 0.01% and κˆ(V ?) is 5.998·10−15
and 1.356·10−14, respectively. These results show that hynet is
readily applicable to extensive hybrid AC/DC power systems.
VIII. CONCLUSION
This paper introduced hynet, a Python-based open-source
OPF framework for hybrid AC/DC grids with point-to-point
and radial multi-terminal HVDC systems. The presented sys-
tem model, which features a unified modeling of AC and DC
subgrids as well as a concise converter model, establishes the
foundation for hynet’s ease of use and extensibility. It enables
a compact mathematical formulation and, additionally, it in-
duces the focused and transparent data management in hynet.
Furthermore, together with the proposed state space relaxation,
it simplifies the derivation and study of convex relaxations
of the OPF problem for hybrid AC/DC systems and, at the
same time, it renders the resulting unified OPF formulation
an appropriate data abstraction layer for direct and relaxation-
based solution approaches. This mathematical foundation is
embedded in a specialized object-oriented software design,
which is not only clearly structured but also avoids the need
for an explicit interface for extensions due to its extensibility
by design. Finally, the presented case studies validated hynet’s
functionality, while showing that it also offers a robust and
competitive performance. It is hoped that hynet can serve as
a valuable tool for OPF studies with hybrid AC/DC grids
and may see future contributions from the community, e.g.,
solver interfaces for further relaxation techniques and solver
implementations.
APPENDIX A
PROOF OF THEOREM 1
To begin with, consider the following lemma.
Lemma 1: Consider any f ∈ F and sj ∈ Sj , for j ∈ I.
Let v ∈ C|V| satisfy (25) for the given f and sI . Then,
Im(V ∗ˆ(k)Vˇ(k)) = 0, ∀k ∈ E¯ .
Proof: See Appendix B.
Thus, for all k ∈ E¯ , it holds that
arg(Vˇ(k))− arg(Vˆ(k)) = rpi , for some r ∈ Z . (53)
Furthermore, it follows from (40), which implements (35), that
−pi/2 ≤ arg(Vˇ(k))− arg(Vˆ(k)) ≤ pi/2 . (54)
Jointly, (53) and (54) imply
arg(Vˆ(k)) = arg(Vˇ(k)) , ∀k ∈ E¯ . (55)
Therefore, the phase of all elements in v associated with
a certain DC subgrid is equal. As the constraints in (39b)
and (40) are quadratic8 in v and the individual constraints
only involve elements of v that are associated with the same
subgrid,9 it follows that these constraints are invariant with
respect to a common phase shift of all elements in v for a
certain subgrid. Thus, if v satisfies (39b) and (40), then
¯
v
in (41) satisfies (39b) and (40) with equivalent constraint func-
tion values, as its construction only involves a common phase
shift in the individual DC subgrids. Furthermore, this implies
that L(
¯
v
¯
vH,f) = L(vvH,f), as L equals the summation of
the left-hand side of (25a).
APPENDIX B
PROOF OF LEMMA 1
For n ∈ V¯ , it follows from (25b), Def. 8, and Def. 10 that
vHQnv = 0 and, with Def. 5 and Def. 7, that10∑
k∈BˆE(n)
y¯k Im(V
∗
ˇ(k)Vn) =
∑
k∈BˇE(n)
y¯k Im(V
∗
ˆ(k)Vn) . (56)
Thus, if v is not restricted to U , there may emerge a circulation
of “artificial reactive power” in DC subgrids.
Now, consider an individual DC subgrid, which is radial by
Def. 11. Without loss of generality, assume that it comprises
no parallel branches (consider their single branch equivalent),
consider one of its buses as the reference bus, and let all its
branches point toward this reference bus. At all leaf nodes n
of this directed tree graph, (56) reduces to
y¯k Im(V
∗
ˇ(k)Vn) = 0 (57)
where k is the only DC branch connected to DC bus n = ˆ(k)
due to Def. 11, Def. 4, and the absence of parallel branches.
It follows from Def. 6 that y¯k 6= 0, thus (57) implies
Im(V ∗ˇ(k)Vˆ(k)) = 0 =⇒ Im(V ∗ˆ(k)Vˇ(k)) = 0 (58)
i.e., the inflow of artificial reactive power arising from DC
branch k at its destination bus ˇ(k) is zero. Therefore, all DC
branches that are connected to leaf nodes do not contribute
to the circulation of artificial reactive power and, thus, can be
excluded for this analysis. Considering the resulting reduced
directed tree graph, the above argument can be repeated until
the reduced directed tree graph equals the reference node.
This proves by induction that Im(V ∗ˆ(k)Vˇ(k)) = 0 for all DC
branches k of the considered DC subgrid.
Repetition of this inductive argument for all DC subgrids
implies that Im(V ∗ˆ(k)Vˇ(k)) = 0, ∀k ∈ E¯ . Note that the proof
can be adapted to an arbitrary directionality of DC branches.
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8For x and
¯
x = xe iϕ, it follows
¯
xHA
¯
x = e− iϕxHAxe iϕ = xHAx.
9Note that converters decouple the voltages of different subgrids. W.l.o.g.,
the buses can be numbered such that the constraint matrices are block-diagonal
(see also [34, App. B]), where each block relates to a subgrid. Footnote 8
applies per block, i.e., a blockwise phase shift does not affect the constraints.
10Alternatively, (56) can be derived via the reactive power balance equation
Im(VnI∗n) = 0 at DC bus n ∈ V¯ using the electrical model in Section II-B.
HOTZ AND UTSCHICK: HYNET – AN OPTIMAL POWER FLOW FRAMEWORK FOR HYBRID AC/DC POWER SYSTEMS 11
REFERENCES
[1] European Commission, The Strategic Energy Technology Plan. Publi-
cations Office of the European Union, 2017.
[2] G. Arcia-Garibaldi, P. Cruz-Romero, and A. Go´mez-Expo´sito, “Future
power transmission: Visions, technologies and challenges,” Renewable
and Sustainable Energy Reviews, vol. 94, pp. 285 – 301, 2018.
[3] OECD/IEA, Large-Scale Electricity Interconnection: Technology and
prospects for cross-regional networks. Int. Energy Agency, 2016.
[4] G. Buigues, V. Valverde, A. Etxegarai, P. Eguı´a, and E. Torres, “Present
and future multiterminal HVDC systems: Current status and forthcoming
developments,” in Proc. Int. Conf. Renewable Energies and Power
Quality, Malaga, Spain, Apr. 2017.
[5] R. D. Zimmerman, C. E. Murillo-Sa´nchez, and R. J. Thomas, “MAT-
POWER: Steady-state operations, planning, and analysis tools for power
systems research and education,” IEEE Trans. Power Syst., vol. 26, no. 1,
pp. 12–19, Feb. 2011.
[6] R. D. Zimmerman, C. E. Murillo-Sa´nchez et al., “MATPOWER:
A Matlab power system simulation package (v6.0b2),” Nov. 2016.
[Online]. Available: http://www.pserc.cornell.edu/matpower/
[7] R. Lincoln, “PYPOWER: A port of MATPOWER to Python (v5.1.2),”
Jun. 2017. [Online]. Available: http://github.com/rwl/PYPOWER
[8] F. Milano, “An open source power system analysis toolbox,” IEEE Trans.
Power Syst., vol. 20, no. 3, pp. 1199–1206, Aug. 2005.
[9] ——, “PSAT: Matlab-based power system analysis toolbox (v2.1.10),”
Jun. 2016. [Online]. Available: http://faraday1.ucd.ie/psat.html
[10] C. Coffrin, R. Bent, K. Sundar, Y. Ng, and M. Lubin, “PowerModels.jl:
An open-source framework for exploring power flow formulations,” in
Proc. Power Systems Computation Conf. (PSCC), Jun. 2018.
[11] C. Coffrin et al., “PowerModels.jl: A Julia/JuMP package for
power network optimization (v0.8.5),” Oct. 2018. [Online]. Available:
http://github.com/lanl-ansi/PowerModels.jl
[12] L. Thurner, A. Scheidler, F. Scha¨fer, J. Menke, J. Dollichon, F. Meier,
S. Meinecke, and M. Braun, “Pandapower—An open-source Python tool
for convenient modeling, analysis, and optimization of electric power
systems,” IEEE Trans. Power Syst., vol. 33, no. 6, pp. 6510–6521, Nov.
2018.
[13] ——, “pandapower: An easy to use open source tool for power system
modeling, analysis and optimization with a high degree of automation
(v1.6.0),” Sep. 2018. [Online]. Available: http://www.pandapower.org/
[14] J. Beerten and R. Belmans, “Development of an open source power
flow software for high voltage direct current grids and hybrid AC/DC
systems: MATACDC,” IET Generation, Transmission & Distribution,
vol. 9, no. 10, pp. 966–974, 2015.
[15] R. Wiget and G. Andersson, “Optimal power flow for combined AC and
multi-terminal HVDC grids based on VSC converters,” in Proc. IEEE
PES General Meeting, Jul. 2012.
[16] J. Cao, W. Du, H. F. Wang, and S. Q. Bu, “Minimization of transmission
loss in meshed AC/DC grids with VSC-MTDC networks,” IEEE Trans.
Power Syst., vol. 28, no. 3, pp. 3047–3055, Aug. 2013.
[17] W. Feng, A. L. Tuan, L. B. Tjernberg, A. Mannikoff, and A. Bergman,
“A new approach for benefit evaluation of multiterminal VSC-HVDC
using a proposed mixed AC/DC optimal power flow,” IEEE Trans. Power
Delivery, vol. 29, no. 1, pp. 432–443, Feb. 2014.
[18] Q. Zhao, J. Garcı´a-Gonza´lez, O. Gomis-Bellmunt, E. Prieto-Araujo, and
F. M. Echavarren, “Impact of converter losses on the optimal power
flow solution of hybrid networks based on VSC-MTDC,” Electric Power
Systems Research, vol. 151, pp. 395 – 403, 2017.
[19] M. Baradar, M. R. Hesamzadeh, and M. Ghandhari, “Second-order cone
programming for optimal power flow in VSC-type AC-DC grids,” IEEE
Trans. Power Syst., vol. 28, no. 4, pp. 4282–4291, Nov. 2013.
[20] S. Bahrami, F. Therrien, V. W. S. Wong, and J. Jatskevich, “Semidefinite
relaxation of optimal power flow for AC–DC grids,” IEEE Trans. Power
Syst., vol. 32, no. 1, pp. 289–304, Jan. 2017.
[21] J. Beerten, S. Cole, and R. Belmans, “Generalized steady-state VSC
MTDC model for sequential AC/DC power flow algorithms,” IEEE
Trans. Power Syst., vol. 27, no. 2, pp. 821–829, May 2012.
[22] CIGRE Working Group B4.57, “Guide for the development of models
for HVDC converters in a HVDC grid,” CIGRE Brochure 604, Dec.
2014.
[23] M. Baradar and M. Ghandhari, “A multi-option unified power flow
approach for hybrid AC/DC grids incorporating multi-terminal VSC-
HVDC,” IEEE Trans. Power Syst., vol. 28, no. 3, pp. 2376–2383, Aug.
2013.
[24] G. Daelemans, “VSC HVDC in meshed networks,” Master’s thesis,
Katholieke Universiteit Leuven, Leuven, Belgium, 2008.
[25] A. J. Wood and B. F. Wollenberg, Power Generation, Operation, and
Control, 2nd ed. Wiley, 1996.
[26] R. A. Jabr, “Radial distribution load flow using conic programming,”
IEEE Trans. Power Syst., vol. 21, no. 3, pp. 1458–1459, Aug. 2006.
[27] X. Bai, H. Wei, K. Fujisawa, and Y. Wang, “Semidefinite programming
for optimal power flow problems,” International Journal of Electrical
Power & Energy Systems, vol. 30, no. 6-7, pp. 383 – 392, 2008.
[28] S. H. Low, “Convex relaxation of optimal power flow – Part I: Formula-
tions and equivalence,” IEEE Trans. Control of Netw. Syst., vol. 1, no. 1,
pp. 15–27, Mar. 2014.
[29] J. A. Taylor, Convex Optimization of Power Systems. Cambridge, UK:
Cambridge University Press, 2015.
[30] D. K. Molzahn and I. A. Hiskens, “Sparsity-exploiting moment-based
relaxations of the optimal power flow problem,” IEEE Trans. Power
Syst., vol. 30, no. 6, pp. 3168–3180, Nov. 2015.
[31] C. Coffrin, H. L. Hijazi, and P. V. Hentenryck, “The QC relaxation:
A theoretical and computational study on optimal power flow,” IEEE
Trans. Power Syst., vol. 31, no. 4, pp. 3008–3018, Jul. 2016.
[32] B. Kocuk, S. S. Dey, and X. A. Sun, “Strong SOCP relaxations for the
optimal power flow problem,” Operations Research, vol. 64, no. 6, pp.
1177–1196, Nov. 2016.
[33] C. Bingane, M. F. Anjos, and S. Le Digabel, “Tight-and-cheap conic
relaxation for the AC optimal power flow problem,” IEEE Trans. Power
Syst., vol. 33, no. 6, pp. 7181–7188, Nov. 2018.
[34] M. Hotz and W. Utschick, “A hybrid transmission grid architecture
enabling efficient optimal power flow,” IEEE Trans. Power Syst., vol. 31,
no. 6, pp. 4504–4516, Nov. 2016.
[35] ——, “The hybrid transmission grid architecture: Benefits in nodal
pricing,” IEEE Trans. Power Syst., vol. 33, no. 2, pp. 1431–1442, Mar.
2018.
[36] S. Bahrami and V. W. S. Wong, “Security-constrained unit commitment
for AC-DC grids with generation and load uncertainty,” IEEE Trans.
Power Syst., vol. 33, no. 3, pp. 2717–2732, May 2018.
[37] A. Venzke and S. Chatzivasileiadis, “Convex relaxations of probabilistic
AC optimal power flow for interconnected AC and HVDC grids,” IEEE
Trans. Power Syst., vol. 34, no. 4, pp. 2706–2718, Jul. 2019.
[38] M. Hotz et al., “hynet: An optimal power flow framework for hybrid
AC/DC power systems (v1.0.0),” Nov. 2018. [Online]. Available:
http://gitlab.com/tum-msv/hynet
[39] Python Core Team, “Python: A dynamic, open source programming
language (v3.7.1),” Oct. 2018. [Online]. Available: http://www.python.
org
[40] H. Ergun, J. Dave, D. Van Hertem, and F. Geth, “Optimal power flow
for AC–DC grids: Formulation, convex relaxation, linear approximation,
and implementation,” IEEE Trans. Power Syst., vol. 34, no. 4, pp. 2980–
2990, Jul. 2019.
[41] J. A. Bondy and U. S. R. Murty, Graph Theory with Applications. North
Holland, 1976.
[42] M. Davies, M. Dommaschk, J. Dorn, J. Lang, D. Retzmann, and
D. Soerangr, “HVDC PLUS – Basics and principle of operation,”
Siemens AG, Erlangen, Germany, Tech. Rep., 2009.
[43] P. Kundur, Power System Stability and Control, ser. EPRI Power System
Engineering Series. McGraw-Hill, 1994.
[44] A. R. Bergen and V. Vittal, Power Systems Analysis, 2nd ed. Upper
Saddle River, NJ, USA: Prentice Hall, 2000.
[45] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge, UK:
Cambridge University Press, 2004.
[46] M. Fukuda, M. Kojima, K. Murota, and K. Nakata, “Exploiting sparsity
in semidefinite programming via matrix completion I: General frame-
work,” SIAM J. Optimization, vol. 11, no. 3, pp. 647–674, 2001.
[47] R. A. Jabr, “Exploiting sparsity in SDP relaxations of the OPF problem,”
IEEE Trans. Power Syst., vol. 27, no. 2, pp. 1138–1139, May 2012.
[48] D. K. Molzahn, J. T. Holzer, B. C. Lesieutre, and C. L. DeMarco,
“Implementation of a large-scale optimal power flow solver based on
semidefinite programming,” IEEE Trans. Power Syst., vol. 28, no. 4, pp.
3987–3998, Nov. 2013.
[49] M. S. Andersen, A. Hansson, and L. Vandenberghe, “Reduced-
complexity semidefinite relaxations of optimal power flow problems,”
IEEE Trans. Power Syst., vol. 29, no. 4, pp. 1855–1863, Jul. 2014.
[50] A. Eltved, J. Dahl, and M. S. Andersen, “On the robustness and
scalability of semidefinite relaxation for optimal power flow problems,”
Optimization and Engineering, Mar. 2019.
[51] S. Kim and M. Kojima, “Exact solutions of some nonconvex quadratic
optimization problems via SDP and SOCP relaxations,” Computational
Optimization and Applications, vol. 26, no. 2, pp. 143–154, Nov. 2003.
12 HOTZ AND UTSCHICK: HYNET – AN OPTIMAL POWER FLOW FRAMEWORK FOR HYBRID AC/DC POWER SYSTEMS
[52] S. Bose, S. H. Low, and K. M. Chandy, “Equivalence of branch
flow and bus injection models,” in Proc. 50th Annu. Allerton Conf.
Communication, Control, and Computing, Oct. 2012, pp. 1893–1899.
[53] H. Li and T. Adalı, “Complex-valued adaptive signal processing using
nonlinear functions,” EURASIP J. Advances in Signal Process., vol.
2008, Feb. 2008.
[54] M. S. Bazaraa, H. D. Sherali, and C. M. Shetty, Nonlinear Programming:
Theory and Algorithms, 3rd ed. Hoboken, NJ, USA: John Wiley &
Sons, Inc., 2006.
[55] D. Kirschen and G. Strbac, Fundamentals of Power System Economics.
John Wiley & Sons, Ltd, 2004.
[56] T. J. Overbye, X. Cheng, and Y. Sun, “A comparison of the AC and DC
power flow models for LMP calculations,” in Proc. 37th Annual Hawaii
Int. Conf. System Sciences, Jan. 2004, pp. 1–9.
[57] H. Wang, C. E. Murillo-Sanchez, R. D. Zimmerman, and R. J. Thomas,
“On computational issues of market-based optimal power flow,” IEEE
Trans. Power Syst., vol. 22, no. 3, pp. 1185–1193, Aug. 2007.
[58] J. Lavaei and S. H. Low, “Zero duality gap in optimal power flow
problem,” IEEE Trans. Power Syst., vol. 27, no. 1, pp. 92–107, Feb.
2012.
[59] B. Zhang and D. Tse, “Geometry of injection regions of power net-
works,” IEEE Trans. Power Syst., vol. 28, no. 2, pp. 788–797, May
2013.
[60] M. Farivar and S. H. Low, “Branch flow model: Relaxations and
convexification – Part I,” IEEE Trans. Power Syst., vol. 28, no. 3, pp.
2554–2564, Aug. 2013.
[61] S. H. Low, “Convex relaxation of optimal power flow – Part II:
Exactness,” IEEE Trans. Control of Netw. Syst., vol. 1, no. 2, pp. 177–
189, Jun. 2014.
[62] R. Madani, S. Sojoudi, and J. Lavaei, “Convex relaxation for optimal
power flow problem: Mesh networks,” IEEE Trans. Power Syst., vol. 30,
no. 1, pp. 199–211, Jan. 2015.
[63] M. Nick, R. Cherkaoui, J. L. Boudec, and M. Paolone, “An exact
convex formulation of the optimal power flow in radial distribution
networks including transverse components,” IEEE Trans. Automatic
Control, vol. 63, no. 3, pp. 682–697, Mar. 2018.
[64] L. Gan and S. H. Low, “Optimal power flow in direct current networks,”
IEEE Trans. Power Syst., vol. 29, no. 6, pp. 2892–2904, Nov. 2014.
[65] C. W. Tan, D. W. H. Cai, and X. Lou, “Resistive network optimal power
flow: Uniqueness and algorithms,” IEEE Trans. Power Syst., vol. 30,
no. 1, pp. 263–273, Jan. 2015.
[66] W. McKinney, “Data structures for statistical computing in Python,” in
Proc. 9th Python in Science Conf., 2010, pp. 51 – 56.
[67] E. Gamma, R. Helm, R. Johnson, and J. Vlissides, Design Patterns:
Elements of Reusable Object-Oriented Software, ser. Professional Com-
puting Series. Addison-Wesley, 1994.
[68] G. D. Irisarri, X. Wang, J. Tong, and S. Mokhtari, “Maximum loadability
of power systems using interior point nonlinear optimization method,”
IEEE Trans. Power Syst., vol. 12, no. 1, pp. 162–172, Feb. 1997.
[69] A. Wa¨chter and L. T. Biegler, “On the implementation of an interior-
point filter line-search algorithm for large-scale nonlinear programming,”
Mathematical Programming, vol. 106, no. 1, pp. 25–57, Mar. 2006.
[70] P. R. Amestoy, I. S. Duff, J. Koster, and J.-Y. L’Excellent, “A fully
asynchronous multifrontal solver using distributed dynamic scheduling,”
SIAM J. Matrix Analysis and Applications, vol. 23, no. 1, pp. 15–41,
2001.
[71] P. R. Amestoy, A. Guermouche, J.-Y. L’Excellent, and S. Pralet, “Hybrid
scheduling for the parallel solution of linear systems,” Parallel Comput-
ing, vol. 32, no. 2, pp. 136–156, 2006.
[72] MOSEK ApS, The MOSEK Optimizer API for Python manual.
Version 9.0., 2019. [Online]. Available: http://docs.mosek.com/9.0/
pythonapi.pdf
[73] IBM, IBM ILOG CPLEX Optimization Studio (v12.9), 2019. [Online].
Available: http://www.ibm.com/products/ilog-cplex-optimization-studio
[74] IEEE PES Task Force on Benchmarks for Validation of Emerging
Power System Algorithms, Power Grid Lib: Benchmarks for Validating
Power System Algorithms (v17.08), Aug. 2017. [Online]. Available:
http://github.com/power-grid-lib/pglib-opf
[75] M. Hotz (Curator), “hynet Grid Database Library (v1.4),” Aug. 2019.
[Online]. Available: http://gitlab.com/tum-msv/hynet-databases
